
The Derivative and The 
Tangent Line Problem (2.1)

October 9th, 2019



I. The Tangent Line Problem

The slope of the secant line through the point             
and                      , where         represents the change in 
x, can be used to approximate the slope of the tangent 
line at the point                 . We make the approximation 
by using smaller and smaller values for      .

(c, f (c))
(c + Δx, f (c + Δx)) Δx

(c, f (c))
Δx
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Δy = f (c + Δx)− f (c)

is the slope of 
the secant line 
and is called the 
difference 
quotient.

msec =
f (c + Δx)− f (c)

Δx

https://www.desmos.com/calculator/mekfho0w38

https://www.desmos.com/calculator/mekfho0w38


Def. of Tangent Line with Slope m: If f is defined on an open 
interval containing c, and if the limit 

exists, then the line passing through (c, f(c)) with slope m is 
the tangent line to the graph of f at the point (c, f(c)). The 
slope of this line is the slope of the graph of f at x=c.

lim
Δx→0

Δy
Δx

= lim
Δx→0

f (c + Δx)− f (c)
Δx

= m



A. The slope of the graph of a linear 
function

Ex. 1: Find the slope of the graph of f(x)=-4x+1 at the 
point (3, -11).



You Try: Find the slope of the graph of f(x)=9x-2 at the point 
(-1, -11).



B. Tangent lines to the graph of a 
nonlinear function

Ex. 2: Find the slopes of the tangent lines to the graph of                           

at the points (1,1) and (2, -8).
f (x) = −3x2 + 4



You Try: Find the slopes of the tangent lines to the graph of                         

at the points (1, 1) and (-2, -14).
f (x) = 2x2 − x



Vertical Tangent Lines: If f is continuous at c and 

                                        or 

the vertical line x=c is a vertical tangent line to the graph of 
f.

lim
Δx→0

f (c + Δx)− f (c)
Δx

= ∞ lim
Δx→0

f (c + Δx)− f (c)
Δx

= −∞



II. The derivative of a function

Def. of the Derivative of a Function: The derivative of f at 
x is given by 

provided the limit exists. f’ is a function of x.

f '(x) = lim
Δx→0

f (x + Δx)− f (x)
Δx



***A function is not differentiable on a value of x in its 
domain if there is a vertical tangent line (slope is 
undefined) or if there is a sharp turn (the slope does 
not change gradually) at the given value of x.



The process of finding the derivative is called differentiation. 
A function is differentiable at x if its derivative exists at x and 
is differentiable on an open interval (a, b) if it is differentiable 
at every point in the interval.



Different Notation for Derivatives: 

so 

f '(x), dy
dx
, y ', d

dx
[ f (x)],Dx[y]

dy
dx

= lim
Δx→0

Δy
Δx

= lim
Δx→0

f (x + Δx)− f (x)
Δx

= f '(x)



`

Ex. 3: Find the derivative of                               .f (x) = x3 − 4x



B. Using the derivative to find the slope 
at a point

Ex. 4: Find f’(x) for                      . Then find the slope of 
the graph of f at the points (-1, 1) and (2, 2). Discuss the 

behavior of f at (-2, 0).

f (x) = x + 2



You Try: Find f’(x) for                    .f (x) = x



C. Finding the derivative of a function

Ex. 5: Find the derivative with respect to t for the function                   

y = −3
t



You Try: Find the derivative with respect to t of the function                   

y = 4
t



III. Differentiability and continuity

Alternate Form of the Derivative:  

A function f is differentiable on a closed interval [a, b] if it 
is differentiable on (a, b) and  

both exist.

f '(c) = lim
x→c

f (x)− f (c)
x − c

lim
x→a+

f (x)− f (a)
x − a

and lim
x→b−

f (x)− f (b)
x − b



A.  A graph with a sharp turn

Ex. 6: Show that the function                        is not 
differentiable at x = -3.

f (x) = x + 3



B. A graph with a vertical tangent line
Ex. 7: Show that the function                      is not 
differentiable at x = 0.

f (x) = x1/3



Thm. 2.1: Differentiability Implies Continuity: If f is 
differentiable at x=c, then f is continuous at x=c. 

***Summary:  
1. Differentiability implies continuity. 
2. Continuity does not imply differentiability.


